In this paper, solution of a system of linear differential equations of distributed order in the Riemann-Liouville sense is analytically obtained. The distributed order relaxation equation is a special case of the system investigated in this paper. The solution of the mentioned system is introduced on the basis of a function which can be considered as the distributed order generalization of the matrix Mittag-Leffler functions. It is shown that this generalized function in two special cases of the weight function can be expressed in terms of the multivariate Mittag-Leffler functions and the Wright functions.
Introduction
Fractional order calculus is used to model physical processes exhibiting anomalous dynamics, such as fractional order diffusion [1] [2] and relaxation [3] . Relaxation processes modeled by integer order or fractional order derivatives, could be generalized by the concept of distributed order derivatives which allow to model processes with scaling law change [4] . This could also be done by utilizing either Riemann-Liouville or Caputo definition to construct a distributed order differentiation operator for modeling distributed order relaxation. Although the two approaches turn out to be equivalent in the fractional order case, this is not true in distributed order case. Since both lead to successful models describing the actual physical phenomena, a further study of both cases appeals. The typical approach to obtain the solution of such equations in time domain is based on direct inverse Laplace transform using Fourier-Mellin formula or Titchmarsh theorem [5] . This approach which is considered in most papers [4, [6] [7] [8] [9] in the literature, results in a solution expressed by a Laplace-type integral in both Riemann-Liouville and Caputo cases. As the link between this representation and the Fox-Wright functions used in fractional order differential equations is not clear, an alternative representation of the solution which incorporates Fox-Wright functions is proposed in [9] in which however, the Laplacetype integral still lingers. This problem has also been studied by using Laguerre series to give an approximation of the solution in [10] . In addition, the asymptotic of the solution is investigated in [6] . This problem is also treated in the case of triple impulses and double impulses as special cases of the weight function in [4] and [11] respectively. It is observed that a coherent extension of the Mittag-Leffler functions for distributed order calculus is in interest. In this regard, we present a new representation of the solution associated with general weight functions which excludes the Laplace-type integral. This representation consists of a series expansion which exhibits the impact of the weight function on the distribution of the orders in the time domain. The reduction of the solution to the Mittag-Leffler function is easily obtained in case of a single impulse weight function. Moreover, it is shown that the solution turns into the multivariate Mittag-Leffler function in case of several impulses as the weight function. Also, by choosing a unitary or exponential weight function, it is possible to express the solution in terms of the Wright functions. This paper is organized as follows. In Section 2 some preliminaries are reviewed and some useful lemmas are presented with regard to distributed order calculus. Section 3 is devoted to main results where we present the solution of system of linear differential equations of distributed order in Riemann-Liouville sense in terms of what could be construed as the distributed order generalization of Mittag-Leffler functions. Some properties of these functions are stated and the problem is investigated further in two special cases of the weight functions. At the end, numerical examples are presented to simulate the solution of a distributed order relaxation equation and a system of differential equations with multiple fractional order operators as special cases in Section 4. Finally, the paper is concluded in Section 5.
Distributed order calculus
In this section some definitions and lemmas are presented that are essential for achieving the main results in the rest of the paper. Prior to commencement, some of the notations used in this paper are introduced in Table 1 . The cornerstone of fractional calculus is based on the extension of integration order to real numbers in integral operators. This is realized by introducing fractional integration operator [12 p .65]
Caputo fractional derivative is defined based on this definition as follows [12 p.78 ]. 
Riemann-Liouville fractional derivative (3) is equivalent to Caputo fractional derivative (2) if the function subject to the operator has zero initial conditions [12] . Integrating operator (1) over the order of integration with a weight function results in the so called distributed order integral [13] 
Power functions with real powers tend to appear in fractional calculus frequently. Laplace transform of these functions is given by [14] 
Riemann-Liouville fractional derivative of a power function is given by [12] 
According to (6), the representation of fractional integral of a function in the Laplace domain is given by [12] 
In addition, the representation of fractional derivative of a function with zero initial conditions in the Laplace domain is given by [12] 
We will also need the following Laplace transformation
in which  is the Euler-Mascheroni constant [14] . 
which is called the Fox-Wright function [16] .
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Preposition 1
Representation of distributed order integral of a function in the Laplace domain is given by
where
Proof:
Taking Laplace transform of (4) and using (8) 
Using the relation
in (16), we obtain
□
Preposition 2
Representation of distributed order derivative of a function with zero initial conditions in the Laplace domain is given by
Proof of Preposition 2 is easily obtained in a similar way to the proof of Preposition 1. We continue this section with an extension of the fractional power function
a ta    by introducing the distributed power function which turns out to be a remarkably general function, resulting in various well-known functions as its special cases. This function is defined by
In which : f  is a locally integrable function satisfying
    which indicates how the fractional power function is a special case of this function. It is shown that this is also true for the more general Fox-Wright functions in the following preposition.
Proof is directly obtained from definition (19) . □ Laplace transform of distributed order power functions is given in the following lemma.
Lemma 1
Let :
f  is a locally integrable function satisfying
Taking Laplace transform of (19) using (6) gives
Distributed order integrals of distributed order power functions could be calculated using the following lemma.
Lemma 2
According to Preposition 1,
Using Lemma 1, (23) yields
which results in (22). □
We can use the following lemma to determine the distributed order derivatives of distributed order power functions.
Lemma 3
Let : f  is a locally integrable function satisfying   0
Taking the Laplace transform of the left side of (25) and using Preposition 2 gives
Regarding the relation
which is the Laplace transform of the right side of (25). □
Distributed order system of linear differential equations
Distributed order system of linear differential equations is supposed to be a generalization of fractional order system of linear differential equations. This generalization may be done in two ways, as extending fractional order system to distributed order one is possible by using Caputo or Riemann-Liouville operators. In fact, the actual physical processes in interest, such as diffusion phenomena and relaxation patterns, could be modeled by either of the operators successfully [6, 17] . We introduce distributed order system of linear differential equations in RiemannLiouville sense as 
which has been comprehensively studied in [18] . In this study we are concerned with the Riemann-Liouville based system (29) and the aim is to present the analytical solution for such a system. It is obvious that in the case of a scalar negative A and   0 gt  , this system is reduced to distributed order relaxation equation [6] . We recall that Riemann-Liouville derivative (3) is the left inverse of fractional integral operator (1) . It is interesting to remark that this relationship is not true for distributed order operators (4) and (5) in general. This is the fundamental reason why modeling distributed order relaxation patterns by means of Caputo and Riemann-Liouville operators do not result in identical solutions. We continue this section by the following definition which specifies the iterated selfconvolution of a function
In ( ft, which has found some applications in stochastic differential equations [19] . Using this definition, we introduce a function that could be considered as the distributed order version of the Mittag-Leffler function. This function, like the Fox Wright function, is also a special case of the distributed power function (19) and is defined by ; / 1
Lemma 4
The exact solution of the homogeneous system of differential equations
is given by 
It is followed by (19) that the distributed power function is linear with respect to its second argument. Also, it is deduced from (19) that The exact solution of the system of differential equations with the input function
is given by
in which and
is defined by (32).
Proof of this lemma follows a quite similar procedure to the proof of Lemma 4. We simply show that (52) satisfies (51). From the relation (39) we could write the proposed solution as
At first, we calculate the left side of (51) as 
A w D x t d Bg t
By changing the order of integrations on the assumption that they exist, we obtain 
A w D x t d Bg t Ap t w Bg t A D p t v Bg t Bg t
Using Lemma 3 yields in
Ap t w Bg t Ap t w v Bg t Bg t Ap t w Bg t Ap t w v Bg t Bg t
Finally, replacing   
A w D x t d Bg t p t Aw Bg t p t A w Bg t Bg t p t A w Bg t Bg t
which is equal to (56). □
Theorem 1
The exact solution of the system of differential equations (29) is given by
in which
E t Aw  is defined by (32).
Proof:
As the equation (29) is linear, its solution is given by the summation of the homogeneous and particular solutions respectively presented by Lemmas 4 and 5. □
In order to highlight how the exact solution of a linear system of distributed order differential equations is affected by the definition used for its differential operators, let us also take a look at the system of differential equations in Caputo sense (30).
14 Considering (30) as an integral equation of convolution type, the resolvent formalism suggests the following representation for its solution 
 
it can be achieved by following a similar procedure to the one employed in deriving the analytic solution of the diffusion problem in [8] . On the other hand, using the initial value theorem reveals that   it has a singularity at 0 t  .
Based on this argument, comparing the exact solutions of (29) and (30) implies that using the RL definition for describing the distributed order system leads to an exact solution which can be computed relatively easier. This is due to the fact that calculation of convolution powers of the weight function which is usually just a polynomial in the range cases of the weight function and it can be efficiently computed using quadrature formulas otherwise.
Lemma 6
The Laplace transform of function (32) 
in which I is the identity matrix with the same dimensions as matrix A . Since (67) is the Laplace transform of (52) this lemma follows. □ In the following lemma some properties of function (32) is presented (In this lemma, it is shown that some properties of function (32) are analogous to the ones of the Mittag-Leffler functions).
Lemma 7
Function (32) satisfies the following relations. 
Conclusion
The system of linear differential equations of distributed order defined in the Riemann-Liouville sense was studied in this paper. The analytic solution of such a system was presented in terms of what could be interpreted as the distributed order generalization of matrix Mittag-Leffler functions. Some interesting properties of this function was revealed and it was shown that this function turns into the multivariate Mittag-Leffler function when the weight function is made up by several impulses, and could be expressed in terms of the Wright function in case of an exponential weight function. Since a special case of the problem considered in this paper is the distributed order relaxation equation, a numerical simulation was performed to evaluate the solutions of such equations. As another example, the solution of a system of differential equations with multiple fractional order operators was numerically obtained. 
